Suspension flows are ubiquitous in nature (hemodynamics, subsurface fluid mechanics, etc.) and industrial applications (hydraulic fracturing, CO 2 storage, etc.). However, such flows are notoriously difficult to model due to the variety of fluid-particle and particle-particle interactions that can occur. In this work, we focus on non-Brownian shear-dominated suspensions, where kinetic collisions are negligible and frictional effects play a dominant role. Under these circumstances, irreversible phenomena such as particle diffusion and migration arise, requiring anisotropic stress models to describe the suspension rheology. On a continuum level, reduced-order models such as the suspension balance model (SBM) or the diffusive flux model are commonly used to predict particle migration phenomena. We propose a new method based on the two-fluid model (TFM), where both the phases are considered as interpenetrating continua with their own conservation of mass and momentum equations. Specifically, we show that when an anisotropic stress analogous to that used in the SBM is added to the equilibrium equations for the particle phase, the TFM is able to accurately predict particle migration. Unlike the SBM, the TFM does not require the assumptions of a steady suspension velocity and a Stokesian (inertialess) fluid. Thus, the TFM can be easily extended to include buoyancy and even kinetic collisional models. We present several benchmark simulations of our TFM implementation in OpenFOAM R , including in curvilinear coordinates and three-dimensional flow. Good agreement between the TFM solutions and previous experimental and numerical results is found.
Introduction
Non-Brownian suspensions are found in a wide range of applications, ranging from agriculture [10] to hydraulic fracturing [58] and many more. Despite their ubiquitous presence in nature and engineering, understanding and modeling the physics of dense suspensions is still a frontier topic of modern fluid mechanics [55, 9] . In fact, while many problems related to dense granular flows are close to being understood [27, 16] , a full tensorial form for the suspension stress, which can be applied to any geometry, is not yet available [22, 37] .
Shear flows of suspensions
Shear-dominated suspensions play a significant role in industrial processes, for example those involving particle separation [56] . This is because of the "peculiar" irreversible phenomena, such as shear-induced particle migration and particle diffusion [29] , that arise in the flow of suspensions in this regime. Shear-induced particle migration leads to a net particle flux from regions of high shear rate to regions of low shear rate, and it was believed to originate from long-range hydrodynamic interactions between particles [29] , even if recent studies suggest particle collisions also play a role [46] . Such drift has obvious significant consequences in processes involving channel flows, since it tends to focus the particles near the channel's centerline. The phenomenon of self-diffusion in shear flows of suspensions was observed experimentally by Leighton and Acrivos [29] and was considered to be caused by the inhomogeneous particle distribution resulting from the migration flux. Their measurements suggested that these displacements alter the apparent suspension viscosity.
For the present study, the typical conditions encountered in shear-dominated suspension flows can be summarized as follows:
i the particles are large;
ii the fluid flow is inertialess;
iii the particle flow is only weakly collisional.
Condition (i) is generally quantitatively assessed by requiring that the particle diameter d p is larger that ≈ 1 µm. Physically, this condition means that random fluctuations of the flow field should not affect the particle phase significantly, and that effects of Brownian motion can be neglected.
Condition (ii) requires that the particle Reynolds number Re p is small:
where ρ f and µ f are, respectively, the density and viscosity of the suspending fluid, and U f is a characteristic fluid velocity. In fact, Han et al. [23] observed that when the particle Reynolds number is increased above a certain threshold (Re p ≈ 0.2 for tubes) particle migration is replaced by a different kind of irreversible mechanism: the Segré-Silberberg effect [51] . Furthermore, Picano et al. [48] demonstrated that inertial shear thickening appears in shear-dominated dense particle suspensions. This effect is not accounted for in the rheological models that we consider, and thus we will always require that Re p is well below the threshold at which these effects are significant. Condition (iii) requires that the shearing forces, and not the collisional interactions, dominate the suspension mechanics. This condition is made precise by requiring that the Péclet number Pe, representing the ratio between the shearing forces and the collisional density (particle random fluctuations), is sufficiently large (ideally infinite):
Here,γ is a characteristic suspension shear rate, and Θ is the granular temperature of the particle phase expressed in m 2 /s 2 (see [20] for an exhaustive discussion on the definition of the granular temperature). Equation (2) also represents the non-Brownian nature of the suspension, since it implies that the shearing forces are much larger than the forces causing the particles' random fluctuations. Notice that equation (2) does not imply that particles do not collide at all, but that frictional interactions dominate the suspension dynamics.
Energy applications such hydraulic fracturing (see, e.g., [24] ) make use of shear-dominated dense suspensions. Specifically, suspensions of particles (termed 'proppants') are injected into newly created fractures to increase fracture conductivity and prevent closure of the fracture upon the cessation of flow [59] . The proppant distribution is thus critical in such applications. It has been argued that proppant transport involves precisely a dense suspension flows in the above-described regime of Re p 1 and Pe 1 [12] . Two Fluid Models (TFMs) are becoming popular for such applications [12, 13, 53] , however, these are often further reduced to simplified sets of equations to allow for their numerical solution. Thus, a general numerical TFM framework that can be used to address proppant transport questions is lacking.
Finally, suspension flows do not have to be restricted the regimes (and conditions) mentioned here. In general, a wide variety of transitional phenomena may occur. Therefore, methods for the numerical simulation of suspension flows should be flexible enough to account for flow with inertial and non-inertial regions, or flows in which kinetic collisions play an important role. We posit that TFMs could pave the way towards such general formulations.
Numerical simulation of shear-dominated suspensions
A wide range of numerical methods have been used to study the rheology of shear-dominated suspensions, and to predict the macroscopic behaviour of suspension flows. Maxey [33] reviews several discrete methods in which particles are tracked or accounted for individually. Such methods are generally employed to investigate the suspension rheology, as done by Yeo and Maxey [63] , who used the Force Coupling Method (FCM) to calculate normal stress differences of the suspension. However, these methods are too computationally expensive to be employed in the prediction of flows occurring in nature or during industrial processes. Thus, it is necessary to develop continuum models for suspensions.
Typically, these continuum models can be classified into three categories: Diffusive Flux Models (DFMs), Suspension Balance Models (SBMs) and Two Fluid Models (TFMs). DFMs and SBMs are both mixture models, where the suspension is described as a single non-Newtonian fluid (the suspension is seen a single continuum [22] ) whose rheology depends upon the particle volume fraction. These models require the solution of a vector parabolic equation for the mixture velocity and a scalar hyperbolic equation for the particle volume fraction, as well as the Poisson equation for the pressure. In DFM and SBM models, an additional diffusive flux J diff arises in the advection equation for the particle volume fraction.
To make this distinction more clear, consider the suspension's volume-averaged velocity
which is defined as the convex combination of the fluid velocity u f and the particle velocity u p , with the particle volume fraction φ used as the weight. Then, the advection equation for φ becomes:
having introduced the diffusive flux J diff as a closure accounting for the a priori unknown flux arising due to the term u p − u mix φ. In the DFM [29, 47, 60] , this closure is fundamentally a phenomenological one, and the diffusive flux is modeled as:
Here, D φ and Dγ are diffusion coefficients determined empirically or through experiments. On the other hand, in the SBM [42, 39, 35, 43, 7] the diffusive flux is computed by upscaling the steady-state equations of a two fluid model. As result, J diff is given by the product of the particle mobility M with the divergence of the particle phase stress Σ p :
Vollebregt et al. [60] showed that the DFM and SBM models are equivalent in the case of isotropic particle phase stress, in which case ∇ · Σ p can be expressed as the gradient of a potential µ .
The two fluid model
The latter idea of expressing ∇ · Σ p as the gradient of a potential was recently employed by Drijer et al. [14] to develop a TFM using the computational environment provided in STAR-CCM+. In the TFM, the fluid and particles are modeled as two distinct interpenetrating continua, thus allowing for a more detailed description of the multiphase flow dynamics with respect to mixture models. However, this approach comes at a significant computational cost (compared to DFM and SBM), since two coupled vector equations have to be solved for the phases' velocity fields. In the formulation of Drijer et al. [14] , an additional forcing term F SID = −∇µ is added to the particle momentum equation and subtracted from the fluid momentum equation. In their model, they defined ∇µ = D φ ∇φ + Dγ∇γ /M, which makes their model a combination of a DFM and a TFM. However, this model cannot account for the anisotropy of the particle stress tensor, therefore it is not suitable for problems in curvilinear geometries.
It is crucial to note that while SBM and DFM are indeed essentially multiphase models, they require the solution of only one momentum conservation equation for the whole suspension. Therefore, the suspension is modeled as a single fluid whose rheology depends on the scalar field φ (the particle volume concentration). Therefore, a total of five coupled equations (three for u mix , one for the hydrodynamic pressure p, and one for φ) have to be solved. By contrast, a TFM requires the solution of the momentum conservation equations for both phases, leading to a total of eight coupled equations (three for u p , three for u f , one for p and one for φ). This is a fundamental mathematical, computational and physical difference between the TFM and the SBM/DFM. The TFM formulation of multiphase flows is very popular in the particulate flow community, since it is able to accurately capture non-equilibrium phenomena, which is an essential feature for developing upscaled models like the filtered TFM [34] . On the other hand, the SBM and DFM formulation are mostly employed in the suspensions community.
Goals and outline of the paper
In this work, we aim to establish a formulation of the TFM that is valid for shear-dominated suspension flows in general curvilinear geometries and that can be straightforwardly extended to collisional or inertial flows. To this end, we modify the twoPhaseEulerFoam solver from the finite volume library OpenFOAM R to include the anisotropic particle stress tensor models employed in the SBM. In our TFM formulation, particle migration is not modeled as an additional forcing term, rather it is incorporated in the particle phase stress. The objective is to provide an open-source implementation of a sufficiently general and extensible TFM that can be used for testing future rheological models or for specific applications of suspension flows in the limit of Pe 1.
To this end, this paper is structured as follows: in section 2, we describe the governing equations and the rheological models that we employ. Section 3 briefly outlines the numerical implementation of the method, with an emphasis on the anisotropic stress tensor. We demonstrate the accuracy of the proposed computational framework in section 4. In the conclusions (section 5), we discuss further improvements and potential future work. Meanwhile, a grid sensitivity analysis is presented in the appendix.
Mathematical formulation

Governing equations
In the TFM, the continuity and equilibrium equations for the two phases are solved separately. Our formulation follows [45] , which is standard for two-phase flow solvers. However, we write the equations in a more compact form, which is useful for non-Brownian suspensions [39, 12] . Introducing the particle volume fraction field φ(x, t), we write the governing equations for the two phases [26, 4, 19] as:
where the subscript 'p' refers to a particle-phase quantity, and the subscript ' f ' refers to a fluid-phase quantity; ⊗ denotes the (direct) dyadic product. Also, ρ p and ρ f are the particle and fluid densities (assumed constant), u p and u f are the particle and fluid velocity fields, Σ p is the particle-phase stress tensor, τ f is the deviatoric stress tensor of the fluid phase, f d is the interphase force, and g is the gravitational acceleration vector. Here, p = p f + p p is the 'shared' pressure, which satisfies the Poisson equation in the case of an incompressible suspension, and it is given by the sum of the fluid pressure p f and the particle pressure p p . Terms such as u f u f are to be interpreted as dyadic products. Notice that, unlike in the SBM and DFM, we do not need to introduce or model the phenomenological quantity J diff , since we are directly computing the particle phase's velocity field u p .
Interphase momentum transfer
We write the interphase force f d as the combination of a term due to the local distortion of the flow field and a generalized buoyancy. In this form, the interphase force is often referred to as the Clift drag [11] :
In this work, we express the drag coefficient K d as a function of the sedimentation hindrance function f (φ), which corrects the Stokes sedimentation velocity to account for the presence of neighbouring particles:
Examples closure expression for f (φ) will be discussed below [see equations (28) and (29)].
Rheology of the suspending fluid
We assume the suspending fluid is Newtonian, with a deviatoric stress tensor τ f given by
where as before µ f is the dynamic fluid viscosity (assumed constant), andṠ f is the shear-rate-of-strain tensor of the fluid phase. For either phase, S is defined based on u aṡ
Rheology of the suspended phase
The suspended phase's rheology is given by a generalization of the expression in equation (13):
Here, µ p and λ p are the shear and bulk viscosities of the particle phase, respectively. In addition to the classic representation of the stress tensor for a compressible Newtonian fluid, equation (15) contains the extra contribution Σ s , which represents the anisotropic stress due to shearing of the solid phase. In this work, the shear viscosity of the particle phase is further decomposed as
where µ p,kin is a kinetic shear viscosity, µ p,fric is a frictional shear viscosity, and µ p,s is the fluid-mediated shear viscosity. The first term in equation (16) is due to the Brownian diffusion of particles, while the second term represents the momentum transfer due to particle contact shearing. The third term is attributed to fluid-mediated interactions between particles in a shear flow. Similarly, we split the particle phase pressure into a kinetic particle pressure p p,kin , arising from the Brownian motion of particles and a frictional component p p,fric , which accounts for force chains emerging at large values of the particle volume fraction:
In Brownian suspensions, µ p,kin , λ p and p p,kin are computed following [19] as functions of the granular temperature Θ, which satisfies the transport equation:
where κ p is the granular conductivity andQ c ,Q µ andQ s are source terms due to collisions, viscous dissipation and slip velocity. The expressions for these terms employed in OpenFOAM R can be found in [30] . However, in the limit of a non-Brownian suspension, the kinetic shear viscosity and the bulk viscosity can be neglected in the definition of Σ p , leading to
Additionally, the transport equation for Θ plays no role in this limit, therefore it can be neglected, as is generally done in works on non-Brownian suspensions. However, in our OpenFOAM R implementation of the TFM that follows, we retain equation (18) and all the related terms. Doing so allows us (in the future) to employ the proposed TFM to simulate transitional suspension dynamics, i.e., from non-Brownian to Brownian. However, for brevity, such complex flow regimes will not be explored in this work; we focus only on non-Brownian suspensions, leaving the topic of Brownian suspensions for future work.
The anisotropic shear-induced stress tensor Σ s is generally represented by means of an anisotropy tensor Q [39] , specifically:
Here, η N is the normal scaled viscosity, andγ eff is the effective shear rate defined aṡ
Here,γ NL is the non-local shear rate, which is often employed to ensureγ eff 0, for example, at the centerline of a channel. The addition ofγ NL in equation (21) is seen as a way to overcome the breakdown of continuum models when describing phenomena occurring at the particle scale [40, 42, 39, 36] . When such a breakdown occurs, the non-local contribution takes into account the effect of the average stress on a scale on the order of the particle diameter. An exhaustive description of this phenomenon can be found in [35] , where the following expression forγ NL , valid for channel flows, is proposed:
Here, L ch is the characteristic length of the channel, a s is a model constant, and u max p is the maximum value of the particle velocity in the channel. Another expression, which does not depend on the flow conditions, was proposed by Gao et al. [18] by fitting a large amount of experimental data:
where φ c is the concentration at the center of the channel, which is unknown a priori.
The anisotropy tensor Q is represented in the classic Cartesian tensor form Q = Q i j e i ⊗ e j and diagonalized by employing a velocity-field-based coordinate system with orthonormal axes:
Here, λ i (φ) are the anisotropy weight functions, and e i are the unit vectors in the direction of the flow (i = 1), gradient (i = 2) and vorticity (i = 3) of the particle phase velocity. However, while the above definition of the unit vectors is straightforward in unidirectional flows, e 2 cannot be straightforwardly calculated in general curvilinear three-dimensional flows. Therefore, in this work, we define the unit vectors e i as follows:
where × denotes the vector (cross) product. Notice that, by employing equation (25), we calculate an "implicit" gradient direction using the properties of the vector product. Specifically, e 2 is simply defined as being normal to both the particle velocity field and its curl.
Closure models for non-Brownian suspensions
In the present work, we incorporate closure models that have been developed for mixture theories (like the SBM or the DFM) into a TFM framework. As discussed in [22] , such models describe the overall suspension viscosity and pressure, therefore they do not differentiate between long-range hydrodynamic interaction and frictional contacts. Consequently, such models will be employed to close the particle viscosity µ p , rather than the frictional viscosity µ p,fric or the fluid-mediated shear viscosity µ p,s . Similarly, the effect of the frictional pressure will be absorbed in the anisotropic stress Σ s . Notice that a similar approach was employed in [14] , where the frictional pressure and viscosity where not included in the governing equations.
Thus, we employ a general expression similar to that proposed in [39] to close the particle phase viscosity:
which returns the closure from [39] for a µ = 0, b µ = 2.5 and c µ = 0.1, and the closure from [32] for a µ = −1, b µ = 0 and c µ = 1. These models have been shown to give the best agreement with experiments when employed within the framework for the SBM [7] . In equation (26), φ m is the maximum allowed particle volume fraction. For the normal scaled viscosity η N , we employ the expression proposed in [39] :
where K N is usually set to 0.75. Equation (27) also returns the model proposed in [8] for K N = 1.08, and the one proposed in [3] for K N = 1. The sedimentation hindrance function f (φ) is modeled using the expression provided in [35] :
This expression was chosen to ensure that particle migration becomes weaker as φ → φ m . Another expression often employed can be found in [39] :
Finally, several expressions for λ i have been proposed in the literature [8, 3, 35] . Taking each to be a particular constant is a common choice, but [8] also proposed volume-fraction-dependent expressions:
Numerical formulation
The governing equations (7)- (10) are solved in a coupled manner using a modified version of the twoPhaseEulerFoam solver [45] in OpenFOAM R [61] , an open-source library designed for implementing finite volume methods [41] . Momentum predictors are obtained employing the partial elimination algorithm [45] , which allow us to decouple the phase momentum equations. In this work, we extend twoPhaseEulerFoam to include models for shear-induced migration and to employ the anisotropic stress tensor in place of the frictional pressure. In fact, the main idea behind the approach used in OpenFOAM R is to include the effect of the particle pressure in the suspended (dispersed) phase's continuity equation in an implicit manner.
Discretized momentum equations
In order to clearly illustrate our modifications to the original algorithm described in [45] , below we consider an incompressible suspension in which the phases have constant and equal density (therefore, we drop the gravitational force). Under these assumptions, we can write the semi-discrete momentum equations as
where the matrices A p and A f are the diagonals of the matrices M f and M p arising from the discretization of the respective momentum equations, with the exception of the undiscretized terms retained in equations (31) and (32). Meanwhile, the vectors H p and H f are given by:
where Q p and Q f are the source terms arising from the discretization of the momentum equations (volumetric sources, face-tangential corrections, etc.). The key idea of the algorithm is to split the anisotropic stress tensor flux in two contributions: one due to the flux arising from a gradient in the particle volume fraction and one due to the flux arising from a gradient in the shear rate or the anisotropy tensor. Specifically,
This idea is similar to the diffusive flux model [60, 47] , wherein the forcing terms due to the shear-induced migration are written as the gradient of a chemical potential. However, in the present model, we employ a tensor potential instead of a scalar potential. The rightmost term in the decomposition in equation (34) is then subtracted from the vector H, so that equation (31) becomes:
Pressure equation
The incompressibility condition on the suspension requires surface integrals of the volumetric flux to be zero in every cell. In other words, the total volumetric flux ϕ must be such that the mixture velocity field u mix defined in equation (3) is divergence free:
In the finite volume method, equation (36) is satisfied if the sum of the phase volumetric fluxes vanishes in each cell c, i.e.,
where V c is the volume of cell c, A cf is the area normal to face cf, N cf is the number of faces of cell c, and φ cf is the particle volume fraction interpolated at face cf. Additionally, in equation (37), we introduced the volumetric fluxes of the particle phase ϕ p and the fluid phase ϕ f :
Notice that the phase fluxes are 'scalar fields' defined at cell faces rather than at cell centers. Next, decoupled equations for u p are obtained by substituting equation (32) into equation (9) . The same approach is employed to obtain decoupled equations for u f . Therefore, the volumetric phase fluxes can be expressed as [45] :
where the subscript 'cf' indicates interpolation at cell faces, and
Notice that unlike [45] , our flux equations (39) and (40) do not have a term of the kind A cf · (∇φ) cf because we are employing an anisotropic stress tensor rather than an isotropic particle pressure. At this stage, this distinction does not constitute a significant computational difference since the term is not updated within the pressure corrector. The pressure equation is obtained by substituting equations (39) and (40) into equation (36) . After solving for p, the new pressure field is used in equations (39) and (40) to update the phase fluxes.
Continuity equation for the suspended phase
The numerical approach employed has a major impact on the overall algorithm's stability, especially when the particle volume fraction approaches the close-packing limit. To this end, consider the semi-discretized continuity equation for the suspended (dispersed) phase:
where ϕ * s is the volumetric flux of the particle phase ϕ p from equation (39) with the contribution from the anisotropic tensor split from it. Notice that the divergence in equation (42) is a semi-discretized operator that acts on faceinterpolated scalar fields, and it should be interpreted as a sum over cell faces following a domain discretization. Since dη N /dφ increases dramatically close to the maximum packing fraction [22] , in the standard twoPhaseEulerFoam the equivalent rightmost term on the left-hand side of equation (42) is discretized implicitly to avoid instabilities in this regime. However, in the present context, the term cannot be immediately discretized as is because it does not involve just A cf · (∇φ) cf , which can be discretized using standard divergence schemes like upwind, but it involves the double scalar product A cf · (∇φ · Q) cf instead. Thus, this term requires more than just discretizing the face normal gradient.
To overcome this difficulty, and extract new terms from equation (42) that can be discretized implicitly in time, we decompose the anisotropy tensor into its hydrostatic and deviatoric components:
where tr Q = 3 i=1 Q ii is the trace of Q. Therefore, equation (42) can be rewritten (still considering our semi-discretized definition of the divergence operator) as:
Notice that now only the term on the right-hand-side of equation (44) con not be discretized implicitly. The approach used in OpenFOAM R for solving equation (44) consists of solving the advection equation ∂φ/∂t + ∇ · φ cf ϕ * s = 0 explicitly using the MULES (Multidmensional Universal Limiter for Explicit Solutions) scheme, which is based on the Flux-Corrected Transport (FCT) framework [64, 2] . The remaining terms are solved implicitly in time. External iterations with relaxation are still required to update the last term in equation (44) and obtain an accurate and stable solution. However, their number and the value of the relaxation coefficient are now controlled only by the deviatoric part of Q.
As a remark, it should be pointed out that equation (44) is parabolic, while the original continuity equation was hyperbolic. This change of type may be an issue, especially regarding the choice of appropriate boundary conditions for φ. Therefore, in order to preserve the hyperbolicity of the continuity equation, an implicit formulation of the anisotropic stress should be employed only when facing severe stability issues.
Numerical solution strategy: Description of the scheme
The solver employs a PIMPLE algorithm, which consists of a PISO [15] pressure corrector together with external fixed point iterations to couple the phase momentum equations and the continuity equation for the particle phase, as depicted schematically in figure 1 . The solver employs a dynamic time stepping based on the Courant number: where ∆t is the time step and V is the cell volume field. Notice that the velocity field employed in the definition of Co is the maximum between the total suspension flux and the total relative flux in each cell. The convergence criteria for both the external PIMPLE iterations and the PISO correctors can be based on the residuals or the number of iterations. In this work, we always limited the number of iterations and set the minimum number of linear solver iterations to one. This choice was made to control residual oscillations and prevent the solver from leaving the loops too early.
Boundary conditions
Generally, no-slip and no penetration boundary conditions are employed to model walls bounding the flows of non-Brownian suspensions (see, e.g., [8] ). The no penetration boundary condition is implemented in OpenFOAM R as a slip boundary condition, which is fundamentally a symmetric boundary condition that implies no flux normal to the boundary. Such a boundary condition imposes:
where n is the normal vector to the boundary. Schematic representation of the two-dimensional (2D) channel geometry, indicating the boundary conditions for the velocity field (both the particle and fluid velocity are represented by a single symbol u) and the particle phase's volumetric concentration field φ. Here,î and are the unit normal vector in the x-direction and y-direction respectively, and U f is the fluid velocity in the particle-based Reynolds number in equation (1), such that Re p ≈ 10 −3 in this case.
Testing and validation
Planar Poiseuille flow of a suspension
We apply the proposed TFM numerical formulation to the problem of suspension flow between two infinite parallel plates. This problem has been extensively studied in many experimental works [28, 31, 52, 25, 18] , which consistently observed a particle flux towards the center of the channel and, thus, an inhomogeneous particle distribution. However, it was argued that the laser-Doppler velocimetry methodology employed by Lyon and Leal [31] significantly underestimates the particle volume concentration near the walls [39] . Recently, Drijer et al. [14] performed an experiment employing a fast confocal microscope (as in [52] ) and were able to match the concentration profile with results from their 'hybrid' SBM-TFM simulations in STAR-CCM+. We employ a conduit identical to that used by Dbouk et al. [7] , with a ratio between channel height and particle diameter of H/d p = 18. A schematic of the channel geometry and notation is shown in figure 2 .
The channel length L is chosen to satisfy the condition for a fully developed concentration profile [42] :
The function g(φ b ) represents the dependence of the shear-induced diffusion on the bulk (average) particle concentration. This function is generally taken to be (see [29] ):
Notice that, in fully periodic domains, the condition in equation (47) gives the minimum time required to achieve a fully developed concentration profile. In order to drive the flow through the fully periodic channel, a body force is applied that ensures an average value U f of the fluid (or particle) velocity field. This value is chosen such that the resulting particle Reynolds number [defined in equation (1)] is small, i.e., Re p 1. Then, the condition in equation (47) can be re-expressed as:
We study particles with a diameter d p = 50 µm suspended in a fluid with µ f = 0.48 Pa s and ρ f = ρ p = 1.19 g cm −3 . We employ the rheological closures suggested by Miller and Morris [35] , since those were shown to produce the most accurate results [7] . The mesh consists of 20 cells in the direction of the gap. For the case of the full channel, the mesh in the flow direction is made of 100 cells with a growth factor of 50 as in [7] . Closures adopted are detailed in table 1. As shown in figure 3 , our two-fluid model (TFM) is able to accurately reproduce results from the suspension balance model (SBM). Unlike previous computational studies [62, 8, 52] , we compare the results obtained with a periodic 2D domain to those obtained with an entire channel domain. Figure 3 shows that a difference exists between the two configurations, which can be attributed to the inlet boundary condition. In each situation, the domain is initialized with a fixed average particle volume concentration φ b , which is conserved in the case of a periodic channel. In the full channel, φ b likewise correspond to the fixed particle concentration at the inlet. The latter value is not conserved along the channel. Instead, for each axial cross-section A, the average volumetric flux u p φ A is conserved. This leads to an overall over-prediction of the particle concentration in a fully periodic configuration. The disturbance induced by the inlet boundary condition is propagated at a finite speed throughout the domain, as shown in figure 4 . The time required for the inlet effects to propagate through the channel is significantly larger than the characteristic time of the particle migration process, and this should be considered when taking measurements in actual microchannels. In fact, far away from the inlet the concentration profile reaches an apparent steady state, which is analogous to our results from the fully periodic channel simulations in figure 3 . Sections of the channel reached by the inlet disturbance switch from mass conservative (the area-averaged particle concentration is the same for each section) to flux conservative (the area-averaged particle concentration flux is the same for each section).
Suspension flow in a cylindrical Couette cell
Next, we test our TFM solver on the Couette cell geometry depicted in figure 5 , where the domain consists of the region between two concentric cylinders. The inner cylinder rotates about its central axis with angular velocity ω, while the outer cylinder is fixed. The system is initialized with a uniform particle volume concentration φ b = 0.5. The mesh consists of 20 cells in the radial direction and the closure models are detailed in table 2. This flow configuration has been studied experimentally in [47] and numerically using the SBM in [7, 39] . Additionally, a semi-analytic model was proposed by Dbouk et al. [7] . All these studies are in good agreement and predict similar concentration profiles.
constant values {1.0, 0.8, 0.5} φ m constant value 0.68 γ NL constant value 0 Table 2 : Closure models and parameters used for the Couette (cylindrical) configuration. The "one-dimensional" mesh corresponds to the shaded region in the radial direction between r = R in and r = R out . Here, ω is the angular velocity of the inner cylinder,θ is the unit normal vector in the azimuthal direction, andr is the unit normal vector in the radial direction. Boundary conditions are shown for the surfaces r = R in and r = R out , while an empty boundary condition is applied in the axial direction. A 'wedge' boundary condition is applied in the angular direction.
In the Couette cell, a homogeneous suspension fills the gap between two concentric cylinders of radii R in = 0.64 cm and R out = 2.34 cm. At the initial time t = 0 s, the inner cylinder starts spinning with angular velocity ω, thus giving rise to a shear in the radial direction, which induces particle migration. Experiments employed a suspension composed of Poly(methyl methacrylate) (PMMA) spheres with mean diameter d p = 675 µm suspended in a Newtonian fluid having dynamic viscosity µ f = 9.45 Pa s. The particle and fluid densities are ρ f = ρ p = 1.183 g cm −3 . We again employed the set of parameters suggested by Morris and Boulay [39] in our rheology models. Figure 6 show that the TFM is in good agreement with results from previous studies. 
Resuspension
Our next validation test for the TFM is in a curvilinear mixing flow with buoyancy effects, as shown schematically in figure 7 . This benchmark is also an important test of the frame-invariant form of the anisotropic tensor Q that we introduced in equations (24) and (25) above. This flow configuration was first employed by Abbot et al. [1] to investigate particle migration, and it has been a staple in subsequent experimental and numerical works [50, 7] .
A suspension of particles with diameter d p = 494 µm and density ρ p = 1.18 g cm −3 is suspended in a Newtonian fluid with density ρ f = 1.253 g cm −3 and viscosity µ f = 0.588 Pa s. The suspension fills the gap between two concentric cylinders of inner radius R in = 0.64 cm and outer radius R out = 2.54 cm. The inner cylinder is set into motion by rotating it anti-clockwise, which shears the fluid, introducing a velocity gradient in the radial direction.
The fully structured mesh consists on four blocks of 50 × 50 cells, resulting in 50 cells in the radial direction and 200 cells in the angular direction. For time stepping, a maximum Courant number of 0.4 was imposed. This value was chosen to allow the solver to finish the PIMPLE loop in a flow configuration having a Courant number higher than the maximum, while still fulfilling the Courant-Friedrich-Lewy (CFL) condition [5] . In fact, the CFL condition tends to be violated near the inner cylinder when imposing a maximum Courant number close to one, as can be seen in the results of Dbouk et al. [7] . The closure models employed for this benchmark are detailed in table 3.
equation (30) -φ m constant value 0.64 γ NL constant value 0 Table 3 : Closure models and parameters used in the resuspension configuration.
As shown in figure 8, our TFM implementation is able to capture a range of features in this flow, such as the formation of a thin particle layer in the mixing direction as well as the existence of a low particle density region at the bottom of the cylinder. However, we point out that the particle volume fraction distribution is strongly dependent on the choice of the closure models and the corresponding closure coefficients [7] , in particular the choice of φ m . This sensitivity means that model calibration is needed when simulating such complex flows. Therefore, future research should address the issue of 'universal' rheological closures for dense suspensions. 
Secondary flows: Symmetric herringbone channel
Suspension flows in channels with 2D and 3D flows features have been studied experimentally [17, 18] due to their importance for enhancing mixing and transport rates at low Reynolds numbers [44] . Specifically, symmetric herringbone channels (inspired by the so-called "staggered herringbone mixer" [57] ) lead to the emergence of a vertical band of low concentration in the center of the channel, thus a particle migration flux is established towards the lateral walls. In this subsection, we simulate this phenomenon using the proposed TFM. The geometry employed is depicted in figure 9 together with the numerical grid. The geometry and material properties are chosen according to the experiment of Gao and Gilchrist [17] . We employed a fully periodic domain, and we enforced the flow rate via a forcing term in the governing equations. Additionally, we initialized the system with a uniform suspension with particle volume concentration φ b = 0.1. The choice of a fully periodic domain induces a significant difference with respect to experimental works, were a suspension was pumped in a long channel initialized with a clear fluid. In fact, not only do we expect a similar discrepancy as that discussed in section 4.1, but we also do not expect that the Kelvin-Helmoltz (KH) instability discussed in [17] would arise, as this instability is due to the shearing of the clear fluid initially filling the cavities (while we have initialized our simulations with a homogeneous suspension therein). The KH instability latter effect is responsible for the asymmetric concentration profile observed in the experiments [17] .
For these simulations, we employed particles with diameter d p = 1.01 µm and density ρ p = 2 g/cm 3 , while the fluid has density ρ f = 1.2 g cm −3 and viscosity µ f = 0.04 Pa s. Thus, particles will tend to sink due to the density difference. The closures employed in this simulation are the same as in table 1. Due to the non-orthogonality of the mesh, multiple corrector steps are employed to obtain a stable solution. Figure 10 shows the velocity and particle volume concentration after a steady state is reached. We observe that the particle volume concentration reaches its maximum and minimum values inside the cavity, corresponding to the most and least quiescent regions. In fact, we observed that, during the first few time steps, the particle concentration increases in the vertical direction in the channel and subsequently decreases while particles are accumulating in the A comparison between our results and those from Gao and Gilchrist [17] is shown in figure 11 . Clearly, our TFM solver is able to predict the existence of two symmetric regions separated by a vertical line of low particle concentration. Obtaining quantitative agreement through extensive model calibration is beyond the scope of this simulation, since that would also require much more faithful numerical modeling of the experimental conditions. However, this test case demonstrates that our TFM solver is able to reproduce the physics of particle migration induced by complex features in the flow geometry.
Conclusions
In this work, we presented a two-fluid formulation of the shear-dominated flow of a dense suspension. The proposed two-fluid model (TFM) allows us to simulate general unsteady curvilinear flows accounting for anisotropic constitutive models. The TFM was implemented as an extension of the OpenFOAM R twoPhaseEulerFoam solver, and it is thus freely available for usage and improvement by anyone. We demonstrated that the solver is capable of accurately reproducing results from experiments and previous simulations based on the (less general) suspension balance model. Furthermore, the solver can be employed to study complex curvilinear suspension flows, and it can handle various non-orthogonal geometries. Therefore, in future work, the proposed TFM could be adapted to study, for example, highly unsteady particle migration in oscillatory flows in cylindrical geometries, a topic of significant current interest [54, 6] , and provide further insight into Taylor dispersion of dense suspensions [21, 49] .
However, further research needs to be performed in order to develop rheological models tailored for the TFM. Specifically, models that distinguish between long-range hydrodynamic interactions [38] and contact frictional forces should be researched in order to develop a simulation tool that is capable of predicting transitions between flow regimes (for example, from non-Brownian to Brownian). Therefore, future research should perhaps be devoted to isolating the rheology of the particle phase from that of the mixture.
The OpenFOAM R code associated with this work can be freely downloaded from the first author's GitHub repository (https://github.com/fmuni/twoFluidsNBSuspensionFoam), together with the cases corresponding to the simulations performed in this work.
Appendix A. Grid convergence analysis
In this appendix, we show that the numerical grids we employed are sufficient to capture the requisite details of the suspension flows considered. We express the degree of refinement using the number of cells h in the shear direction, which is defined as h = H/∆y for the parallel channel and as h = (R out − R in )/∆r for the Couette cell.
Concerning the Poiseuille channel flow, figure A.12a shows the case of φ b = 0.3, which is the most sensitive to the grid size (since the particle volume concentration is far from the packing fraction φ m ). We remark that using different expressions for the non-local shear rateγ NL leads to different grid dependencies, since the non-local shear rate is meant to limit the particle volume concentration at the centerline of the channel.
Similarly, figure A.12b shows that, in the case of the Couette cell flow, no significant dependence on the grid size is observed for grids finer than h = 20. A non-local shear rate was not employed in this case. 
